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Squeezed supermodes and cluster states based on modes with orbital angular
momentum
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In this paper, we discuss the possibility of building a linear cluster state based on modes with a
certain orbital angular momentum (OAM). We show that in the system under consideration a field
with a rich mode structure is generated in the cavity. We also analyze the conditions under which
an infinite system of Heisenberg – Langevin equations describing the dynamics of intracavity fields
can be shortened and solved analytically. To analyze the genuine number of quantum degrees of
freedom, we use the supermodes technique. This approach allows us to build the most entangled
cluster state.
PACS numbers: 42.50.Dv, 42.50.Gy, 42.50.Ct, 32.80.Qk, 03.67.-a
I. INTRODUCTION
Interest in the problems associated with the generation
of cluster states of light is caused by the widespread use of
such states in the protocols of one-way quantum compu-
tations. Although initially the principles of cluster states
generation have been formulated for discrete variables [1],
in recent years multipartite entangled quantum systems
in continuous variables have attracted more and more in-
terest [2–4]. An important feature of such systems is the
ability to generate a large-scale cluster entangled states
[5, 6]. From this point of view, there is an obvious inter-
est in using light with an orbital angular momentum [7]
(OAM) as a resource for generating cluster states, since
the quantum number associated with the OAM can take
any integer values, which makes it possible to increase the
number of degrees of freedom of the system indefinitely.
It should be noted that the presence of a large number
of correlated modes in the system does not yet guarantee
an equal scale of cluster state. A vivid example here is
the radiation of a SPOPO - synchronously pumped opti-
cal parametric oscillator. Despite the fact that SPOPO
radiation has an extremely wide spectrum (about 106 fre-
quency modes), the number of genuine quantum degrees
of freedom of such a system is much smaller (about 100)
[8]. Thus, it is insufficiently just to reveal the interacting
modes for analyzing the size of a cluster state, but it is
necessary to find the appropriate measurement basis.
In this paper, we will consider the process of sponta-
neous parametric down-conversion in the cavity with a
nonlinear parametric crystal placed inside. The cavity is
pumped by an external field, which possessing an OAM.
A similar problem has already been considered by the au-
thors in [9], however, our approach differs both in terms
of the theoretical justification of the methods used and in
the analysis of the results obtained. Applying the tech-
niques developed in the papers [10–12], we show that the
dimension of the cluster state is less than the number of
initial modes. Also, we analyze the optimal parameters
of cavity pumping for cluster state generation.
II. OPTICAL PARAMETRICAL OSCILLATOR
BELOW THE THRESHOLD
A. Theoretical model
In this paper, we will consider the following sys-
tem: a crystal with quadratic nonlinear susceptibility is
placed in a spherical or self-imaging cavity (Fig.1), whose
eigenmodes are the full set of Laguerre-Gaussian modes
[14, 15]. The system is pumped by two spatial Laguerre-
Gaussian (LG) modes ULG0,1 and U
LG
0,−1 propagating in z-
direction:
ULGp,l ∝
(
ρ
√
2
w(z)
)|l|
L
|l|
p
(
2ρ2
w2(z)
)
×
× exp { −ρ
2
w2(z)
} exp {ilφ}, (1)
where z, ρ, φ are cylindrical coordinates, indices l and
p are integers that define the transverse profile of the
mode, w(z) is the waist width of the transverse field dis-
tribution inside the cavity, L
|l|
p is the associated Laguerre
polynomial. The Laguerre-Gaussian functions with dif-
ferent indices are orthogonal to each other over the whole
space and normalized to unity:∫
dρdφdz ULGp,l U
LG∗
p′,l′ = δp,p′δl,l′ . (2)
It has been shown [7] that LG beams carry a certain
orbital angular momentum, which is determined by the
phase factor exp {ilφ}. The azimuth number l is an eigen-
value of the OAM operator, the index l indicates the pro-
jection of the mode’s orbital angular momentum. In our
case, we set the angular momentum of one pump wave to
be lpump = 1, and of the other one to be lpump = −1, both
waves propagate at the frequency ωpump. The choice of
the pump structure is due to our further needs: we want
to provide the conditions for the generation of the cluster
state of the field. We discuss possible cavity excitation
schemes in section II B. The radial index p define the
mode’s spatial transverse profile. For small values of the
2orbital angular indices l we can suggest with high ac-
curacy that the value of the p does not change in the
process of parametric down-conversion [16, 17]. Thus,
we can further assume that the pump is carried out by
beams with a radial index p = 0, which is equal for all
waves involved in the process.
Figure 1. The schematic draw of the system under consid-
eration: a crystal with quadratic nonlinearity, which ensures
type-I phase synchronism, is placed in a cavity with spherical
mirrors. The pump consists of two spatial Laguerre-Gaussian
modes with OAM equal 1 and -1. A multimode field is gen-
erated in the resonator with different values of OAM but at
the same frequency.
The cavity supports both pump modes bˆ1, bˆ−1, and
down-converted modes aˆl. The crystal provides type-
I phase matching. Since, as is known [18], the process
of parametric signal conversion occurs with the conser-
vation of the orbital moment, a field with an abundant
mode structure along the orbital angular momentum is
generated in the cavity. We consider the conditions of
ideal phase matching: ωpump = 2ωi = 2ωs, ~kpump =
~ks + ~ki.
The interaction Hamiltonian can be written as follows:
HˆI = i~
∑
l
(χ
l,1−l
bˆ1aˆ
†
l aˆ
†
1−l +
+χ
l,−1−l
bˆ−1aˆ
†
l aˆ
†
−1−l) +H.c., (3)
where bˆ±1 denotes photon annihilation operators in
pump modes, aˆ†l (l = 0,±1,±2, ...) are photon creation
operators in signal and idler modes. These operators
obey the following canonical commutation relations:
[aˆl, aˆ
†
l′ ] = δl,l′ , [bˆ±1, bˆ
†
±1] = 1. (4)
The effective coupling parameters χ
l,±1−l
are propor-
tional to the overlap integral between the pump, signal
and idler modes. Their properties and impact on the
characteristics of the system will be discussed below in
subsection B. As is well known, frequency degeneration
entails the generation of squeezed states of light. How-
ever, such an effect is observed only for modes that do
not possess an orbital angular momentum. The appear-
ance of an additional degree of freedom, such as OAM,
leads to an OAM non-degenerate process. Since the con-
servation law imposes a condition only on the total an-
gular momentum of the waves involved in the process, in
this case, the total phase of the signal and idler waves is
fixed: φpump = φi + φs, while the phases of each wave
are remaining arbitrary. This means that in the process
of generation both squeezing and entanglement between
the modes is formed.
B. Heisenberg–Langevin equations below the
oscillation threshold
Considering the system below the threshold, we must
neglect the process of pump exhaustion. Therefore, we
should take the pump modes remain constant and treat
them classically. Mathematically, this boils down to re-
placing the operators bˆ±1 with c-number quantities B±1.
The Heisenberg-Langevin equations for signal and idler
modes inside the cavity can be written as follows:
˙ˆa0 = −γ0aˆ0 + 2χ0,1(B1aˆ†1 +B−1aˆ†−1) + fˆ0
˙ˆa1 = −γ1aˆ1 + 2χ0,1B1aˆ†0 + 2χ1,2B−1aˆ†−2 + fˆ1
˙ˆa−1 = −γ−1aˆ−1 + 2χ0,1B−1aˆ†0 + 2χ1,2B1aˆ†2 + fˆ−1
. . .
˙ˆak = −γkaˆk + 2
∑
i=±1
χk,i−kBiaˆ
†
i−k + fˆk
˙ˆa−k = −γ−kaˆ−k + 2
∑
i=±1
χ−k,i+kBiaˆ
†
i+k + fˆ−k
. . .
(5)
It can be noted that the intracavity fields dynamics is
described by an infinite number of differential equations
that mesh with each other. To solve them, we need to
“shorten” the system of equations by excluding all modes
starting with a certain number k from consideration. In
[9], the reason for shortening the system of equations was
the decrease of the effective coupling constants χ
l,±1−l
with increasing of index l. This treatment, however, is
not sufficiently substantiated, since a decrease in the co-
efficients of a system of differential equations does not
yet ensure the smallness of the corresponding variables.
Moreover, it can be seen from Fig. 2 that the coefficients,
that neighbouring in the equations, have the same order
(with the selected calculation parameters). Each next co-
efficient is less than the previous one no more than twice.
Thus, in each particular equation, there is no reason to
neglect the third addent in comparison with the second
one, as done in the paper [9]. It should be noted that a
direct calculation confirms these preliminary conclusions:
if we compare the two sets of solutions obtained by solv-
ing a system of k equations and k + 1 equations, it is
clear that such solutions are close only far from the os-
cillation threshold. However, as is well known, precisely
the near-threshold region seems the most interesting for
quantum effects observation. When approaching the os-
cillation threshold, additional efforts are needed to ensure
that a limited number of modes can be considered.
3Figure 2. The dependence of the coupling parameters normal-
ized to the crystal quadratic susceptibility χ(2) on the orbital
angular momentum of the signal mode, with OAM of pump
lpump = 1 (blue) and lpump = −1 (red). Here we calculate
all the constants for the following parameters: a thin crystal
is located in the z = 0 plane, the ratio of the waist width
of the signal mode to the waist width of the pump mode
r = ws(0)/wp(0) =
√
2.
It is appropriate to discuss here the choice of calcula-
tion parameters used in Fig.2, which we will keep further.
Since our goal is to build a cluster state, we need to en-
sure a high efficiency of the parametric down-conversion
not for a single mode, but at the same time for several
modes with different OAM. The numerical calculation
shows that the dependence of the coupling constants on
the ratio of the waist widths has a peculiar value for
r =
√
2 (see Fig.3).
At this point, the coupling parameters χlpump,l,lpump−l
for several modes achieve their maximum, i.e the down
conversion process goes more efficiently than with other
values of this ratio. As shown in the paper [16], with such
a choice of r, the parametric down-conversion process to
the modes with the index p = 0 will be most efficient.
So, we limited our consideration here to only the case of
p = 0. The values of the χlpump,l,lpump−l obtained with
this choice of parameters matches with those calculated
in [19].
C. Limitations on the number of modes considered
The system of differential Eqs. (5) can be shortened
by changing the experimental conditions of a generation,
for example, artificially providing a fast relaxation of the
mode with the number k.
Hereinafter, we would like to limit our consideration
Figure 3. The dependence of the normalized coupling param-
eters on the ratio of the waist width of the signal mode to the
waist width of the pump mode r = ws(0)/wp(0). Here the
first index indicates the OAM of the pump mode.
to only five senior mods ai, i = 0,±1,±2. To do this, we
assume that the decay rate of a±3 modes is much greater
than all the other constants in the system: γ3 ≫ γi, i =
0,±1,±2. There are several experimental methods based
on the usage of special holograms that make it possible to
select modes with a specific OAM [20, 21]. For simplicity,
the other relaxation constants are set equal to each other,
γi ≡ γ, i 6= 3. In this case, the system of differential Eqs.
(5) can be divided into two independent subsystems.
Since an analysis of the correlation properties of the
light can be carried out based only on information about
normally ordered means (and how they are related to or-
dinary means), we can simplify the problem and go from
the system of Eqs. (5) to c-number equations. C-number
equations differ from Eqs. (5) by the lack of operator
designations and by corrected correlation functions for
stochastic noise sources (see Appendix A). The standard
procedure for such a conversion is described in detail in
[22].
Further, for simplicity, we assume that the amplitudes
of the pump waves B1 and B−1 are real numbers equal to
each other. Given these conditions, the Eqs. (5) can be
rewritten for the quadrature components of the Glauber
amplitudes a and a∗: xj = 12 (aj + a
∗
j ), yj =
1
2i
(aj −
a∗j ), fj = f
′
j + if
′′
j , j = 0,±1,±2.
4
x˙0 = −γx0 + γµ(x1 + x−1) + f ′0
y˙0 = −γy0 − γµ(y1 + y−1) + f ′′0
x˙±1 = −γx±1 + γµx1 + γξx∓2 + f ′±1
y˙±1 = −γx±1 − γµx1 − γξx∓2 + f ′′±1
x˙±2 = −γx±2 + γξx∓1 + f ′±2
y˙±2 = −γy±2 − γξy∓1 + f ′′±2
(6)
Here, the quadratures of Langevin noise sources
f ′i , f
′′
i (i = 0,±1,±2) are defined by the following non-
zero correlators (see Appendix A for more details):
〈f ′0(t)f ′±1(t′)〉 =
1
2
γµδ(t− t′) = −〈f ′′0 (t)f ′′±1(t′)〉, (7)
〈f ′±1(t), f ′∓2(t′)〉 =
1
2
γξδ(t− t′) = −〈f ′′±1(t), f ′′∓2(t′)〉.
The equations above are written using dimensionless
pump parameters µ =
2χ0,1B1
γ
and ξ =
2χ1,2B1
γ
. The
pump parameters are nonnegative real numbers, their
physical meaning and limits of variation will be discussed
further in Section III.
III. SOLUTION OF THE EQUATIONS AND
ANALYSIS OF QUANTUM DEGREES OF
FREEDOM
The simplest way to solve Eqs. (6) is to apply a Fourier
transform that turns differential equations into algebraic
equations and allows us to calculate the spectrum of the
fluctuations of quadrature components. Performing a
Fourier transform and considering a special case of zero
frequency leads us to the following system of equations
(the superscript 0 denotes the Fourier image taken at
zero frequency, the lower indices still indicate the mode
number)
(
x00
y00
)
= ±µ
(
x01 + x
0
−1
y01 + y
0
−1
)
+
1
γ
(
f ′00
f ′′00
)
(
x0±1
y0±1
)
= ±µ
(
x00
y00
)
± ξ
(
x0∓2
y0∓2
)
+
1
γ
(
f ′0±1
f ′′0±1
)
(
x0±2
y0±2
)
= ±ξ
(
x0∓1
y0∓1
)
+
1
γ
(
f ′0±2
f ′′0±2
)
.
(8)
The system of Heisenberg–Langevin Eqs. (5), as well
as the equations for the Fourier components (9), indi-
cate that different modes do not evolve independently
and “hint” the presence of entanglement shown in Fig.4.
Further calculation confirms this assumption.
Since the calculations in the initial basis are rather
complicated, for a detailed analysis of the quantum prop-
erties of the system, we turn to the basis of summarized
- pair from SPDC of the pump mode with lpump = -1
+4
- pair from SPDC of the pump mode with lpump = +1
-3 +2 -1 0 +1 -2 +3 -4
OAM of the down-converted modes
Figure 4. The schematic of the entanglement between modes
with different OAM.
and differential modes:
x˜0 = x
0
0, x˜1 =
1√
2
(x01 + x
0
−1), x˜2 =
1√
2
(x02 + x
0
−2),
x˜−1 =
1√
2
(x01 − x0−1), x˜−2 =
1√
2
(x02 − x0−2). (9)
Such a choice of variables allows us to obtain solutions
of the Eqs. (8) and calculate the power spectra of fluc-
tuations of the quadrature components and the cross-
correlations (see Appendix B). The calculation shows
that there are correlations of the fluctuations in the x-
quadrature and anti-correlations in the y-quadrature for
the following modes:
〈δy˜0δy˜1〉 = −〈δx˜0δx˜1〉 = − µ(1 + 2µ
2 + ξ2)√
2γ(1− ξ2 − 2µ2)2 ,
〈δy˜1δy˜2〉 = −〈δx˜1δx˜2〉 = − ξ(1 + 2µ
2 + ξ2)
2γ(1− ξ2 − 2µ2)2 ,
〈δy˜0δy˜2〉 = 〈δx˜0δx˜2〉 =
√
2µξ
γ(1− ξ2 − 2µ2)2 ,
〈δy˜−1 δy˜−2 〉 = −〈δx˜−1 δx˜−2 〉 =
ξ(1 + ξ2)
2γ(1− ξ2)2 . (10)
Getting back to the basis of the initial modes, one can
verify the presence of quantum entanglement shown in
Fig.4.
Since we consider the below-threshold regime, the
mean values of the intracavity field operators equal zero.
All analysis was carried out in terms of the Glauber rep-
resentation, so the variances of the Fourier transforms
of the quadrature components, as well as their cross-
correlation functions, coincide with the normally ordered
means of the corresponding operators. Connection intra-
cavity normally ordered means with mean values outside
the cavity is determined by the well-known input-output
5relation:(〈|δXˆi|2〉
〈|δYˆi|2〉
)
=
1
4
+ 2γ
(〈: |δxˆ0i |2 :〉
〈: |δyˆ0i |2 :〉
)
, i = 0,±1,±2.(11)
Despite a simplification of analytical expressions as
well as the presence of interesting correlations in the basis
of summarized and differential modes, this basis, like the
initial one, cannot be considered appropriate to reveal
the genuine number of quantum modes of the system.
Further, we show that the number of degrees of freedom,
suitable for constructing a ”good” cluster state, is not
equal to the number of initial modes considered.
A. Supermodes of an optical parametric oscillator
To find the optimal basis and analyze the number of
quantum degrees of freedom, we use the technique devel-
oped in [10]. As shown in this work, the field out of the
optical parametric oscillator can be described either as
an entangled state in the basis of individual modes with
certain frequencies (in our case – with a certain OAM)
or as a set of uncorrelated squeezed states in the basis of
the eigenvectors of the coupling matrix, attended in the
interaction Hamiltonian of parametric down-conversion.
Let us rewrite interaction Hamiltonian (3) in the form:
HˆI = i~
∑
i,s
Mi,saˆ
†
i aˆ
†
s +H.c., i+ s = ±1. (12)
The matrix elements Mi,s here govern the coupling
strength between two modes aˆi and aˆs. Matrix elements
Mi,s are expressed in terms of eigenvectors and eigenval-
ues of the matrix M as follows:
Mi,s =
∑
n
λnmn,imn,s, (13)
where λn are eigenvalues and mn,i are i-th element of a
n-th eigenvector of the coupling matrix M .
Since M is a Hermitian matrix, it can be diagonalized.
Let us define a new set of mods as a linear combination
of the initial ones and derive the Hamiltonian in the new
basis:
sˆ†n =
∑
i
mn,iaˆ
†
i ,
HˆI = i~
∑
n
Λn(sˆ
†
n)
2 +H.c. (14)
Following the notation in [10] we will call the modes (14)
as supermodes.
One can note that the Hamiltonian, rewritten through
the supermodes sˆn, is the Hamiltonian of several sepa-
rate degenerate processes occurring independently. Then
supermodes manifest a quadrature squeezing imposed by
degenerate process [11, 12]. The spectrum of {Λn} de-
termines the number of noncorrelated degrees of freedom
and indicates the degree of squeezing in the modes sˆn.
Unlike the authors [13], who use the supermodes tech-
nique to analyze infinite-dimensional matrices and there-
fore are forced to rely on numerical analysis, we are able
to construct explicit analytical solutions. Based on the
model presented above and limited to considering only
five modes, we can write the matrix M as follows:
M =
γ
4

0 µ µ 0 0
µ 0 0 0 ξ
µ 0 0 ξ 0
0 0 ξ 0 0
0 ξ 0 0 0
 . (15)
Thus we can easily find eigenvalues and define the set of
supermodes through initial modes:
Λ1 = 0,Λ2 = −γξ
4
= −Λ3,Λ4 = −γ
√
2µ2 + ξ2
4
= −Λ5,
sˆ1 = − ξ
µ
aˆ0 + aˆ2 + aˆ−2, (16)
sˆ2 = −aˆ1 + aˆ−1 − aˆ2 + aˆ−2, (17)
sˆ3 = aˆ1 − aˆ−1 − aˆ2 + aˆ−2, (18)
sˆ4 =
2µ
ξ
aˆ0 −
√
2µ2 + ξ2
ξ
(aˆ1 + aˆ−1) + aˆ2 + aˆ−2, (19)
sˆ5 =
2µ
ξ
aˆ0 +
√
2µ2 + ξ2
ξ
(aˆ1 + aˆ−1) + aˆ2 + aˆ−2. (20)
B. Power of the fluctuations of the supermodes
quadrature components
In the previous section, we discussed the intracavity
properties of the field in the supermode basis. Taking the
explicit expressions for the correlators of the quadrature
components of the initial modes (see Appendix B) and
consider their connection with the supermodes (16)-(20),
we derive the spectral powers of the quadrature fluctu-
ations of the supermodes Sˆj = Xˆ
S
j + iYˆ
S
j (j = 1, 2, ...)
outside the cavity. Each of the supermodes we prelimi-
narily normalize by unity and take into account the stan-
dard relations (11) between the extracavity and intracav-
ity values:
sˆj = xˆ
s
j + iyˆ
s
j , 〈|δXˆSj |2〉 =
1
4
+ 2γ〈: xˆsj :〉, (21)
〈|δXˆS1 |2〉 =
1
4
, (22)
〈|δXˆS2 |2〉 =
(ξ − 1)2
4(ξ + 1)2
= 〈|δYˆ S3 |2〉, (23)
〈|δXˆS4 |2〉 =
(
√
2µ2 + ξ2 − 1)2
4(
√
2µ2 + ξ2 + 1)2
= 〈|δYˆ S5 |2〉. (24)
It is clear from the expressions above that the pos-
itive eigenvalues of Λ3,Λ5 correspond to supermodes
squeezed in the y-quadrature, negative Λ2,Λ4 – in the
x-quadrature. The Sˆ1 mode is not squeezed, since there
are no quadrature correlations between aˆ0 and aˆ±2 (Ap-
pendix B), which is confirmed by the zero eigenvalue Λ0.
6The power of the quadrature fluctuations in this mode
do not depend on the pump parameters, and it can be
said that the mode Sˆ1 is in a vacuum state.
Taking into account the selection of genuine quantum
degrees of freedom for the further construction of the
cluster state of multimode radiation, it is obvious that
the use of a vacuum mode can only worsen the correlation
of the system. Thus, we have shown that despite the
presence of five quantum-correlated source modes, the
genuine number of quantum degrees of freedom of this
system is less by one.
C. Parametric oscillation threshold and squeezing
in the supermodes
To determine the limits of applicability of the solu-
tions obtained and the achievable ratio of squeezing, re-
call that the problem was solved in the approximation
of inexhaustible pump, which means that the linear Eqs.
(5) are correct only for small fluctuations of the number
of photons in the initial modes. As the fields in the cavity
increase, the process of parametric up-conversion begins
to play a significant role, and we can no longer assume
that the pump amplitude remains constant in time.
From the solution of the Eqs. (8), it can be noted that
the quadrature fluctuations in the Laguerre-Gaussian
modes begin to increase indefinitely under the following
condition:
2µ2 + ξ2 → 1. (25)
Thus, the limit expression (25) determines the threshold
of parametric generation.
The degree of quadrature squeezing in supermodes ob-
viously depends on the value of the pump parameters.
Vacuum noise in the modes Sˆ4 and Sˆ5 are completely
suppressed when approaching the generation threshold
2µ2 + ξ2 = 1, and squeezing in these modes can be con-
sidered perfect. However, the modes Sˆ2 and Sˆ3 become
perfectly squeezed only in the limit ξ2 = 1. However this
condition cannot be reached since even at ξ2 > 1−2µ2 the
system cannot be described by Eqs. (5), and the prob-
lem should be considered in terms of the above-threshold
regime. Hence, the perfect squeezing in these modes is
unattainable.
Let us estimate the maximum degree of squeezing, tak-
ing into account the expression of the pump parameters
through the constants χl,±1−l. Restricting ourselves to
the selected parameters of the Laguerre-Gaussian beams
for the signal, idler, and pump modes (see Fig.2), we can
specify the following connection between two parameters:
µ2 = 2ξ2. (26)
Authors of [16] assert that such a choice of beam pa-
rameters is optimal for the most efficient generation of a
field with the mode structure under consideration. The
condition for below-threshold field generation in the cav-
ity is then rewritten as µ <
√
2
5
.
Summarizing all the above, we can conclude that when
the pump parameter tends to the threshold, the squeez-
ing in two supermodes will tend to the perfect, one su-
permode will be in a vacuum state, and the other two
will be squeezed imperfectly:
〈|δXˆS4 |2〉 = 〈|δYˆ S5 |2〉 −−−−−→
µ→
√
2
5
0,
〈|δXˆS1 |2〉 =
1
4
, (27)
〈|δXˆS2 |2〉 = 〈|δYˆ S3 |2〉 −−−−−→
µ→
√
2
5
(7 − 3√5)
8
.
IV. BUILDING OF THE CLUSTER STATE OF
LIGHT
We will construct a linear cluster state from super-
modes, the properties of which we discussed in the pre-
vious section. The used supermodes Sˆ2 − Sˆ5, described
by variables XˆSi , Yˆ
S
i , i = 2, 3, 4, 5, are squeezed in X-
and Y -quadrature alternately and independent from each
other. In order to obtain a cluster state, we need to en-
tangle the modes with each other in a certain way. The
process of such entanglement can be come down to a uni-
tary transformation over the original set of oscillators:
Qˆ1 + iPˆ1
Qˆ2 + iPˆ2
Qˆ3 + iPˆ3
Qˆ4 + iPˆ4
 = U

XˆS3 + iYˆ
S
3
XˆS4 + iYˆ
S
4
XˆS5 + iYˆ
S
5
XˆS2 + iYˆ
S
2
 , (28)
where U is the transformation matrix, Qˆj and Pˆj are the
quadrature components operators that describe the j -th
node of the cluster state (Fig.5).
According to [24], there are certain requirements for
the degree of quadrature squeezing of the mode used to
build the cluster state. These requirements vary depend-
ing on the number of ”neighbours” of the corresponding
nodes of the cluster state. Based on this, we chose such
an order of arrangement of the modes, so that the more
squeezed modes were in the center, that is, they had two
neighbours, and less squeezed — on the edges.
To determine the elements of the U matrix, as well as
to analyze the resulting multipartite entangled state, we
need to consider a mathematical description of this state.
The cluster state can be described by a weighted undi-
rected graph, whose nodes are treated as the modes of the
physical system, described by pairs of canonical variables
{Qˆi, Pˆi}, edges - quantum entanglement between modes,
and a set of edge weights sets the adjacency matrix V of
this graph.
To describe the quantum properties of the resulting
state in continuous variables, it is common to use a set of
nullifiers Nˆi, expressed in terms of quadratures of cluster
nodes as follows:
Nˆi = Pˆi −
n∑
j=1
VijQˆj , (29)
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Figure 5. Tranformation from squeezed supermodes to lin-
ear cluster state. Supermodes are quadrature squeezed alter-
nately in X- and Y -quadrature, while the modes Sˆ3, Sˆ2 are
squeezed imperfectly.
where Vij are elements of the adjacency matrix.
Now we should define the adjacency matrix taking into
account the cluster structure. In our case, for linear four-
node cluster state (see Fig.5) it is given in the form:
V =

0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
 , (30)
that provide the following nullifiers:
Nˆ1 = Pˆ1 − Qˆ2, (31)
Nˆ2 = Pˆ2 − Qˆ1 − Qˆ3, (32)
Nˆ3 = Pˆ3 − Qˆ2 − Qˆ4, (33)
Nˆ4 = Pˆ4 − Qˆ3. (34)
According to [23], the transformation matrix U can be
found through the adjacency matrix V of the graph:
U = (I + iV )(1 + V 2)−
1
2A, (35)
where I is the identity matrix, A is any orthogonal ma-
trix. It was shown that although the choice of the A
matrix affects the type of transformation over squeezed
modes, it nevertheless does not change the structure of
nullifiers and quantum properties of the resulting state.
Then, taking for simplicity A equals identity matrix1,
we can express the nullifiers of the cluster state through
the quadrature components of the supermodes:
Nˆ1 =
√
1 +
2√
5
Yˆ S3 +
√
1− 2√
5
Yˆ S5 , (36)
Nˆ2 = −
√
2 +
2√
5
XˆS4 −
√
1− 2√
5
XˆS2 , (37)
Nˆ3 =
√
1− 2√
5
Yˆ S3 +
√
2 +
2√
5
Yˆ S5 , (38)
Nˆ4 = −
√
1− 2√
5
XˆS4 −
√
1 +
2√
5
XˆS2 . (39)
As can be seen from Eqs. (36)-(39), the nullifiers depend
only on the squeezed quadratures, which guarantees the
smallness of their variances. However, even near the gen-
eration threshold, the spectral powers of the fluctuations
of the nullifiers do not vanish, since the expression for
each nullifier includes the quadrature components of the
non-perfect squeezed supermodes Sˆ3, Sˆ2.
To show that the obtained state is exactly cluster state,
and to reveal the range of the pump parameters suitable
for constructing the cluster state, we use the van Loock
– Furusawa separability criterion [25], applying it to nul-
lifiers of neighbouring nodes [26]:
〈δ(Nˆ1)2〉+ 〈δ(Nˆ2)2〉 > 1,
〈δ(Nˆ2)2〉+ 〈δ(Nˆ3)2〉 > 1, (40)
〈δ(Nˆ3)2〉+ 〈δ(Nˆ4)2〉 > 1.
The violation of the inequalities (40) indicates that the
state under consideration is a cluster state. Making the
necessary substitutions, we find that the criterion (40) is
violated for all related pairs of cluster nodes in a fairly
wide range of pump parameters, as shown in Fig.6.
It is seen from Fig.6 that when the pump parameter
tends to a threshold value, µ→
√
2
5
, for pairs of nodes at
the edges the limit of the sum of spectral powers of fluc-
tuations of the nullifiers is greater than the corresponding
value for the pairs of nodes at the middle. This is pri-
marily due to the non-perfect squeezing of supermodes
Sˆ2 and Sˆ3.
The state of the field is a four-mode linear cluster state
in a wide range of µ, starting at µ ≈ 0.065. In this case,
2 With this choice of the matrix A, the transformation U looks as
follows:
√
2
5


√
1 + 1√
5
−
√
1
2
+ 1√
5
−
√
1
2
−
1√
5
√
1
2
−
1√
5
i
√
1
2
+ 1√
5
−i
√
1
2
+ 1√
5
i
√
1− 1√
5
−i
√
1
2
−
1√
5
−
√
1
2
−
1√
5
−
√
1− 1√
5
√
1
2
+ 1√
5
−
√
1
2
+ 1√
5
−i
√
1
2
−
1√
5
−i
√
1
2
−
1√
5
i
√
1
2
+ 1√
5
i
√
1 + 1√
5


8Figure 6. The fulfillment of the van Look–Furusawa criterion
for different values of the pump parameter µ.
the smallest values of the variances of the nullifiers are
achieved as we approach the threshold:
lim
µ→
√
2
5
(
〈δ(Nˆ4)2〉
)
= lim
µ→
√
2
5
(
〈δ(Nˆ1)2〉
)
≈ 0.07, (41)
lim
µ→
√
2
5
(
〈δ(Nˆ3)2〉
)
= lim
µ→
√
2
5
(
〈δ(Nˆ2)2〉
)
≈ 0.004. (42)
Recall that the pump parameter µ is related to the pump
amplitude by the following relation:
µ =
2χ0,1B1
γ
=
2χ0,1B−1
γ
. (43)
Comparing our results with the works [9, 19], we can
say that we managed to obtain a cluster state with a
higher degree of entanglement between the nodes. In our
case, the decrease in the spectral power of quadrature
fluctuations of nullifiers reaches ∼ −11 dB, which signif-
icantly exceeds the values obtained for the cluster states
in the cited works. This result is achieved through the
usage of the supermode technique and the choice of the
appropriate basis.
V. CHANGES IN THE QUANTUM
PROPERTIES OF THE SYSTEM BY VARYING
THE CAVITY CONFIGURATION
It is interesting to follow the changes in the quantum
properties of the cluster state in dependence on the pa-
rameters of the cavity, such as the ratio of the waist
width of the signal mode to the waist width of the pump
mode, r = ws(0)/wpump(0). Recall that estimates (41)-
(42) of the cluster state given in the previous section
performed under condition r =
√
2. This choice of r pro-
vides a maximum of some coupling constants and this
value was indicated by the authors of [9] as the best for
building a cluster state. Interested in comparing our re-
sults with those obtained earlier, we performed estimates
for the same system parameters as in [9]. However, look-
ing at Fig.3, we can distinguish another specific value
of the ratio of the waist width of beams: r = 1. This
value is “suspicious” for a good result: with equal val-
ues of waist widths, the maximum of coupling constants
of other modes involved in the process is ensured. Let
us check how the resulting cluster state changes in this
case.
Equations for the power spectra of fluctuations of the
quadratures of the initial modes (10), as well as analyti-
cal expressions for the supermodes (16)-(20), have been
obtained in general form and can be directly used for fur-
ther analysis. At the same time, the pump parameters
and the ratio (26) between them have changed:
µ˜2 =
9
8
ξ˜2. (44)
Here, µ˜, ξ˜ are the new pump parameters for r = 1. At the
same time, the threshold value of the pump parameter is
shifted. The condition on the below threshold regime
of field generation is rewritten as µ˜ <
√
9
26
. Despite
of the fact that the below threshold range of variation
of parameters narrowed a little, the spectral powers of
quadrature fluctuations in the supermodes Sˆ2, Sˆ3, as they
approached the threshold, decreased in comparison to
those calculated at r =
√
2:
lim
µ˜→
√
9
26
=
(
〈|δXˆS2 |2〉
)
= lim
µ˜→
√
9
26
(
〈|δYˆ S3 |2〉
)
≈ 0.02. (45)
That leads to changes in the limit values of the variances
of the nullifiers:
lim
µ˜→
√
9
26
(
〈δ(Nˆ4)2〉
)
= lim
µ˜→
√
9
26
(
〈δ(Nˆ1)2〉
)
≈ 0.02, (46)
lim
µ˜→
√
9
26
(
〈δ(Nˆ3)2〉
)
= lim
µ˜→
√
9
26
(
〈δ(Nˆ2)2〉
)
≈ 0.005.
It can be noted that the new limit values of the variances
of nullifiers Nˆ4, Nˆ1 have significantly decreased, which
positively affects the cluster state entanglement, despite
the small increase in the corresponding values for nulli-
fiers Nˆ2, Nˆ3. Since the ”quality” of the cluster state is
determined by the sum combinations of variances of the
nullifiers (40), we can confidently say about the improve-
ment of cluster entanglement with r = 1.
Discussing the reasons for this improvement of the
quality of the cluster, two competing factors should be
identified. On the one hand, the shift of the thresh-
old leads to an increase in quadrature fluctuations in
the modes with a higher degree of squeezing (see Fig.7).
On the other hand, the fluctuations themselves be-
come smaller, which is especially noticeable in the worse
squeezed modes. A decrease in values 〈δ(Nˆ4)2〉, 〈δ(Nˆ5)2〉
means that the effect of reducing quadrature fluctuations
exceeds the effect of a threshold shift.
Thus, the choice of parameters does not affect the
structure of the supermodes, but shifts the threshold
9Figure 7. Top — sums of variances of the nullifiers of
neighboring nodes with the ratio of waist widths r =
ws(0)/wp(0) =
√
2. Bottom - the same values for the ratio
r = ws(0)/wp(0) = 1.
value of the pump parameters and changes the spectral
powers of the quadrature fluctuations of the supermodes.
For the construction of a four-mode linear cluster, it is
preferable to choose the equal values of waist widths of
the pump and signal beams.
VI. CONCLUSION
We have analysed the quantum properties of the field
with an orbital angular momentum, generated in the pro-
cess of spontaneous parametric down-conversion when
the system is pumped by two Laguerre-Gaussian modes
with OAM projections equal 1 and −1.
This choice of pump is due primarily to the rich mode
structure generated in such a system. If the angular mo-
mentum of the pump waves is set to 0, then the OAM-
degenerate process of generation of modes with zero or-
bital angular momentum will prevail over other possible
non-degenerate processes (see Fig.3). If we pump the
system with Laguerre-Gaussian modes of a higher order,
then presumably instead of one multipartite quantum
system, this will lead to the creation of several clusters of
lower dimension. Thus, we stopped at the simplest pump
that provides non-trivial system entanglement. More
complex pump configurations require further analysis.
Treating of the n-mode problem inevitably leads to
the search for solutions of n differential equations, which
mesh with each other, so it is necessary to limit the num-
ber of modes under consideration. This can be done, for
example, experimentally, providing a fast relaxation of
one of the modes, with the result that the system is di-
vided into two subsystems, which can be solved indepen-
dently.
There is an entanglement between modes with different
OAM, however, this basis is not optimal for building a
cluster state. To search for the optimal basis, we used the
technique developed in [10], the method for revealing the
supermodes, which are the eigenvectors of the coupling
matrix M . It is necessary to emphasize the differences
of our task: in the original paper, the authors consid-
ered a multimode system consisting of 106 modes, that
is, a quasi-continuous spectrum was subjected to analy-
sis. First of all, this situation has limited the authors only
by numerical analysis. In our case, supermodes can be
found analytically. The analysis of the quasi-continuous
spectrum is also connected with another important diffi-
culty: although it was theoretically expected to get about
100 squeezed supermodes, squeezing has been observed
experimentally in only 6 of them [27]. The authors at-
tribute this effect to the fact that the measurement pro-
cess implies a procedure of discretization of the spectrum
and ”cutting out” of the parts of a comb, which fatally
leads to energy losses. In our case, the modes are dis-
crete, so the measurement procedure is not associated
with the spectrum discretization losses,which indicated
above.
The calculations showed that of the five supermode
only four can be used to build the cluster state since one
supermode is in the vacuum state. Thus, despite the
presence of quantum correlations between all five initial
modes, the system has only four genuine quantum de-
grees of freedom.
The analysis of the region near the oscillation threshold
is of the greatest interest. It turns out that the squeez-
ing in some supermodes is not perfect, which worsens the
prospects for building a cluster state, but the estimation
of the cluster state using the van Look–Furusawa crite-
rion suggests that near the threshold the resulting multi-
partite entangled state is the cluster state in a fairly wide
range of the pump power.
All the above reasoning can be generalized to any de-
sired number of initial modes with a certain OAM. We
concentrated on building a linear cluster state from four
nodes because, as shown in [28, 29], this number of de-
grees of freedom of the system is minimally necessary to
perform the full set of single-mode and two-mode logi-
cal gates for the one-way quantum calculations. If we
include a larger number of the modes into consideration,
the quadrature squeezing in the supermodes will deteri-
orate and, as a result, “degrade” the cluster state due
to the same threshold limits for the pump power, which
we discussed in Section IV.
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Appendix A: Calculation of correlations of
c-numerical stochastic noise sources
Let us calculate the diffusion coefficients for c-number
Langevin equations, taking into account that the equa-
tions for the variances of c-number quantities must coin-
cide with the corresponding operator equations [22]. The
correlation function 〈fˆ0(t), fˆ †0 (t′)〉 can be calculated from
the system of Eqs. (5):
d
dt
〈aˆ0aˆ†0〉 = 〈 ˙ˆa0aˆ†0 + aˆ0 ˙ˆa†0〉 = −γ〈aˆ0aˆ†0〉+ (A1)
+2χ0,1(B1〈aˆ†1aˆ†0〉+B−1〈aˆ†−1aˆ†0〉)− γ〈aˆ0aˆ†0〉+
+2χ0,1 (B1〈aˆ0aˆ1〉+B−1〈aˆ0aˆ−1〉) + 2Daˆ0aˆ†0 .
We obtain the following equation after the normal order-
ing of the operators:
d
dt
〈aˆ0aˆ†0〉 = +2χ0,1(B1〈aˆ†1aˆ†0〉+B−1〈aˆ†−1aˆ†0〉) +
+2χ0,1 (B1〈aˆ0aˆ1〉+B−1〈aˆ0aˆ−1〉) + 2Daˆ0aˆ†0 −
−2γa(1 + 〈aˆ†0aˆ0〉). (A2)
On the other hand, from the corresponding c-number
equations we can write:
d
dt
〈a0a∗0〉 = 2χ0,1
(
B1〈a∗1a∗0〉+B−1〈a∗−1a∗0〉
)
+
+2χ0,1 (B1〈a0a1〉+B−1〈a0a−1〉) + 2Da0a∗0 −
−2γa〈a∗0a0〉. (A3)
Given that D
aˆ0aˆ
†
0
= γa, a new correlation function can
be written:
〈f0(t), f∗0 (t′)〉 = 2Da0a∗0δ(t− t′) = 0.
Other correlation functions are calculated in the same
way. We write down only non-zero correlators for brevity:
〈f0(t)f±1(t′)〉 = γµδ(t− t′), (A4)
〈f±1(t), f∓2(t′)〉 = γξδ(t− t′).
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Appendix B: Solution of system of the
Heisenberg-Langevin equations and the calculation
of the quadrature fluctuations
To solve the system of Eqs. (6), we perform a Fourier
transform: (
xΩi
yΩi
)
=
1
2π
∞∫
−∞
dt
(
xi(t)
yi(t)
)
e−iΩt,
(
f ′Ωi
f ′′Ωi
)
=
1
2π
∞∫
−∞
dt
(
f ′i
f ′′i
)
e−iΩt.
As a result, we obtain a system of linear algebraic equa-
tions, and we will be interested in the solution of this
system at zero frequency.
The solution of the system (8) has the form (hereinafter
the quadrature components of Langevin noise sources
have the superscript 0 omitted):
x00 =
1
γ(1− 2µ2 − ξ2) [(1− ξ
2)f ′0 + µ(f
′
1 + f
′
−1) +
+µξ(f ′2 + f
′
−2)],
x0±1 =
1
γ(1− 2µ2 − ξ2) [µf
′
0 + f
′
±1 + ξf
′
∓2 +
+
µ2
1− ξ2
(
f ′∓1 − f ′±1 + ξ(f ′±2 − f ′∓2)
)
], (B1)
x0±2 =
1
γ(1− 2µ2 − ξ2) [µξf
′
0 + ξf
′
∓1 + (1 − 2µ2)f ′±2 +
+
µ2ξ
1− ξ2
(
f ′±1 − f ′∓1 + ξ(f ′∓2 − f ′±2)
)
].
The formulas become more compact when moving to
new variables x00 = x˜0, x˜1 =
1√
2
(x01+x
0
−1), x˜2 =
1√
2
(x02+
x0−2), x˜
−
1 =
1√
2
(x01 − x0−1) and x˜−2 = 1√2 (x02 − x0−2). New
stochastic noise sources f˜ ′i , f˜
′
i
−
are related to the old ones
respectively.
x˜0 =
1
γ(1− 2µ2 − ξ2)
[
(1− ξ2)f ′0 +
√
2µf˜ ′1 +
√
2µξf˜ ′2
]
,
x˜1 =
1
γ(1− 2µ2 − ξ2)
[√
2µf ′0 + f˜ ′1 + ξf˜
′
2
]
,
x˜2 =
1
γ(1− 2µ2 − ξ2)
[√
2µξf ′0 + ξf˜ ′1 + (1− 2µ2)f˜ ′2
]
,
x˜−1 =
1
γ(1− ξ2)
[
f˜ ′1
− − ξf˜ ′2
−]
,
x˜−2 =
1
γ(1− ξ2)
[
f˜ ′2
− − ξf˜ ′1
−]
.
Correlators of the redefined Langevin’s noise sources
are given by:
〈f ′0, f˜ ′1〉 =
γµ√
2
, 〈f˜ ′1, f˜ ′2〉 =
γξ
2
,
〈f˜ ′1
−
, f˜ ′2
−〉 = −γξ
2
. (B2)
Let us calculate the power spectra of fluctuations of
the quadrature components and the cross-correlators:
〈|δx˜0|2〉 = 2µ
2
γ(1− ξ2 − 2µ2)2 =
ξ2
2µ2
〈|δx˜2|2〉,
〈|δx˜1|2〉 = 〈|δx0|2〉+ 〈|δx˜2|2〉,
〈δx˜0δx˜1〉 = µ(1 + 2µ
2 + ξ2)√
2γ(1− ξ2 − 2µ2)2 =
ξ√
2µ
〈δx˜1δx˜2〉,
〈δx˜0δx˜2〉 =
√
2µξ
γ(1− ξ2 − 2µ2)2 ,
〈|δx˜−1 |2〉 =
ξ2
γ(1− ξ2)2 = 〈|δx˜
−
2 |2〉, (B3)
〈δx˜−1 δx˜−2 〉 = −
ξ(1 + ξ2)
2γ(1− ξ2)2 .
Since the equations for the differential modes x˜−i , (i =
0,±1,±2) form a closed system, their power spectra and
cross-correlations do not depend explicitly on the param-
eter µ.
Carrying out all of the same steps to calculate power
spectra of fluctuations of the y-quadratures, we get:
〈|δy˜0|2〉 = 〈|δx˜0|2〉, 〈|δy˜1|2〉 = 〈|δx˜1|2〉, 〈|δy˜2|2〉 = 〈|δx˜2|2〉,
〈δy˜0δy˜1〉 = −〈δx˜0δx˜1〉, 〈δy˜1δy˜2〉 = −〈δx˜1δx˜2〉,
〈δy˜0δy˜2〉 = 〈δx˜0δx˜2〉,
〈|δy˜−1 |2〉 = 〈|δx˜−1 |2〉, 〈|δy˜−2 |2〉 = 〈|δx˜−2 |2〉,
〈δy˜−1 δy˜−2 〉 = −〈δx˜−1 δx˜−2 〉. (B4)
